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Abstract

This project addresses the development and implementation of attitude estimation and
control strategies for a quadcopter UAV, leveraging concepts from manifold theory. An ex-
tension of the Manifold (Multiplicative) Extended Kalman Filter (MEKF) is provided, in-
corporating a TRIAD-aided approach to improve robustness in the presence of magnetic
disturbances. The TRIAD-aided MEKF is rigorously tested, demonstrating its robustness
against the (inertial and magnetic) noises and disturbances caused by the quadcopter.

The project also explores the design of a geometric nonlinear controller for attitude
tracking, specifically focused on stabilisation under harsh initialization conditions.

To facilitate the implementation and testing of these algorithms, a custom flight con-
troller firmware is developed for the Teensy 4.0/4.1 Development Boards. This firmware
is designed to be modular and accessible, allowing for easy integration and testing of new
algorithms. It serves as a platform for future research and development in the field of UAV
control systems. This work contributes to the field by enhancing the practical applicability
of manifold-based estimation and control techniques for quadcopter UAVs.
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Chapter 1

Introduction

Control Quoting from [1] (2010): "There are several university-level projects [2], [3],
[4], [5], and commercial products related to the development and application of quadrotor
UAVs. Despite the substantial interest in quadrotor UAVs, little attention has been paid to
constructing nonlinear control systems for them, particularly in designing nonlinear track-
ing controllers. Linear control systems such as proportional-derivative controllers or linear
quadratic regulators are widely used to enhance the stability properties of an equilibrium
[2], [4], [5]. A nonlinear controller is developed for the linearized dynamics of a quadrotor
UAV with saturated positions in [6]. Backstepping and sliding mode techniques are applied
in [7]. Since these controllers are based on Euler angles, they exhibit singularities when
representing complex rotational maneuvers of a quadrotor UAV, thereby fundamentally re-
stricting their ability to track nontrivial trajectories." This is also reflected in the fact that
the controllers implemented in the most popular open-source flight controllers (Betaflight,
iNav, Arducopter) are still at the core, PIDs with Euler angles.

This project was initiated to compare the open-source flight controllers with the Geo-
metric Nonlinear controller proposed by [1]. The control objective chosen was to stabilize
the quadcopter under harsh initialization.

However, before we move to harsh initialization, it is natural to start with the most
fundamental mode of control in a flight controller: "Angle Mode" with a pilot. Therefore, we
first implement Attitude Tracking Mode in this M.Tech Project. The stabilisation under harsh
initialization has been implemented on hardware but requires more tuning and testing.

A major outcome of this project is the development of flight controller firmware on which
new controllers and estimators can be easily implemented. The flight controller firmware
developed can be found at https://github.com/arjun-sadananda/TeensyPilot.git. A very
important part of any Flight Controller is the Attitude Estimator, and therefore we imple-
ment the popular MEKF for attitude estimation. Additionally, we take it a step further and
include the magnetometer to aim for "headless mode" piloting which presents its own set of
challenges.

Estimator The first question while designing an estimator is, what attitude representation
shall we work with? Considering that the special orthogonal group SO(3) has dimension
three, we ideally seek a continuous and non-singular representation expressed by 3 param-
eters. However, in 1964 it has been shown that “...it is topologically impossible to have
a global 3-dimensional parametrization without singular points for the rotation group”.

https://github.com/arjun-sadananda/TeensyPilot.git
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Knowing this, we would not be wrong to say that unit quaternions are the most convenient
representation we have and that we will have for orientations [8].

Since a quaternion (without the unit norm constraint) is of dimension 4, one tends to
think at first on a 4 × 4 covariance matrix, and in the direct application of the Kalman Filter
[9]. Given that all predictions are contained in the surface defined by the unit constraint, the
covariance matrix shrinks in the orthogonal direction to this surface, which leads to a sin-
gular covariance matrix after several updates. A second perspective was firstly approached
in reference [10] and was later named as “Multiplicative Extended Kalman Filter”. In this
approach an “error-quaternion” [11] is defined which is then transformed to a 3-vector. We
use this vector to build the covariance matrix, and we talk about a “3×3 representation of
the quaternion covariance matrix”. However, there are still details in this adaptation that
are currently being developed. Namely, the “covariance correction step” [12].

Reference [8] presents a new viewpoint by noticing that unit quaternions live in a man-
ifold (the unit sphere in R4). This work uses basic concepts from manifold theory to define
the mean and covariance matrix of a distribution of unit quaternions. With these definitions
an EKF-based estimator is developed, arriving at the concepts of “multiplicative update” and
“covariance correction step” in a natural and satisfying way.

In this M.Tech Project, we extend the (Manifold Extended Kalman Filter) MEKF estimator
[8] to include a second reference vector, the magnetometer (along with the accelerometer).
However, the performance of this extended estimator was found to be unreliable in prac-
tice primarily due to the inconsistency in the magnetometer readings. [13] describes how
magnetic disturbances influence attitude estimation and explains common methods used to
decouple attitude (pitch and roll) estimation from magnetic disturbances.

To tackle this Martin and Salaun in the development of an invariant nonlinear observer
[14], proposed a simple solution by creating another inertial vector as the cross-product of
the gravitational acceleration and the Earth’s magnetic field. This provides a decoupling of
the attitude from the magnetic measurements.

A recent work [15] addresses this by constructing a new second reference vector by re-
moving the component of magnetometer reading along the accelerometer reading and using
this reference vector in the measurement model in the quaternion EKF. [15] also compares
its approach with three other estimators [16] [17] [18] and through experimental analysis
shows EKF to be the preferred algorithm when various practical problems are encountered.

An interesting observation to be made here is that the two approaches mentioned above
are related to the second and third columns of the rotation matrix generated by the TRIAD
[19]. It is known that TRIAD (constructed from two vectors) is suboptimal because it ignores
one piece of information from one of the unit vectors [20]. This works in our favor since
we wish to decouple the magnetometer readings from influencing the attitude estimate.

Therefore we introduce the idea of "pre-processing the magnetometer vector" by using
the second or third column of the rotation matrix generated by TRIAD as the second vector
in the extended Manifold EKF. As expected this improved the performance drastically. An

Indian Institute of Technology, Bombay July 4, 2024
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alternate approach to achieving this could be tuning the Measurement Noise Covariance
Matrices but this reduces the responsiveness (of the estimator) to changes in the yaw axis.
Reference [21] also takes a very similar but yet different approach to what has been imple-
mented this M.Tech Project.

We summarize this work as follows:

• In Chapter 2 we review the Manifold EKF as described in [8] and the TRIAD. Then
we present the extension and modifications made to the estimation algorithms. Fi-
nally, we present the results of the experiments conducted to study the effects of these
modifications.

• In Chapter 3 we review the Attitude Tracking Controller as described in [1]. We also
define our control strategy for stabilizing a quadcopter under harsh initialization. Ad-
ditionally, we describe the observations, challenges, and solutions found during the
hardware implementation of the controller,

• A major outcome of this project is a bare-bones flight controller firmware developed
from scratch. This firmware is an excellent platform to develop and test new estima-
tors and controllers without delving into relatively complex firmware like Arducopter,
iNav, or Betaflight. Chapter 3 also provide a brief overview of this firmware and the
hardware used in the project.

• Finally chapter 4 shares some conclusions and future scope of the project.

Indian Institute of Technology, Bombay July 4, 2024
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Chapter 2

Robust 3D Orientation Estimation with
TRIAD aided MEKF

2.1 MEKF Description

In this section we review the Manifold EKF as described in [8].

2.1.1 Preliminaries

The orientation representation used in the MEKF is a unit quaternion, which lives in a man-
ifold (S3).

To define the probability distribution and its evolution using the Kalman filter, we will
need to define charts for the manifold. [11] discusses the three-component "attitude error
representations", namely Orthographic, Rodrigues Parameters, Modified Rodrigues Param-
eters, and Rotation Vector. All four are charts ϕ that map a point q in the manifold with a
point e in R3

R3 ∋ e = ϕ(q)

All four charts provide the same second-order approximation for a point e ∈ R3 near the
origin, to a quaternion q ∈ S3:

ϕ−1(e)≈ (1− ||e||2/8, e/2)T

We notice that a chartϕ will inevitably produce a deformation of the space. However, for
the quaternions in the neighborhood of the identity quaternion, the charts behave like the
identity transformation. This is desirable for the Kalman Filter as this means that the space
around the identity quaternion closely resembles the Euclidean space. But this just happens
in the neighborhood of the identity quaternion. However, we can extend this property for
any quaternion q̄ . Any quaternion q can be expressed as a "deviation" from q̄ through

q = q̄ ∗δq̄

where ∗ represents quaternion product. Then, we define a chart ϕq̄ for q̄ as

eq̄ = ϕq̄(q) = ϕ(δ
q̄)

4
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We refer to the Euclidean space associated with the chart ϕq̄ as q̄ -centered chart. Thus ϕ−1
q̄

takes a point eq̄ in q̄ -centered chart and maps it to q in the manifold through

q = ϕ−1
q̄ (e

q̄) = q̄ ∗ϕ−1(eq̄)

Given a unit quaternion q̄ and a chart ϕ, we will define the expected value of a distri-
bution of unit quaternion in the q̄ -centered chart as

ēq̄ = E[eq̄]

and its covariance matrix as

Pq̄ = E[(eq̄ − ēq̄)(eq̄ − ēq̄)T ]

2.1.2 Motion Equations and Measurement Model

We can predict the value of the random variables that describe the state of our system
through the following motion equation:

dω′(t)
d t

= qω(t)

dq(t)
d t

=
1
2

q(t) ∗
�

0
ω′(t)

�

qω(t) is process noise with covariance matrix Qω.

We assume we have sensors giving measurements of angular velocity ωt and of a refer-
ence vector vt whose value vr (r for reference) expressed in the external reference frame S is
known. The two sensors used for this are a gyroscope and an accelerometer. We assume the
gyroscope is calibrated to ensure that the biases are zero. We know that the accelerometer
measurement at in the external reference frame must measure ar := −g

The measurement model relates measurements at and ωt with the states qt and ω′t
1

at = RT (qt)ar + ra
t

ωt =ω
′
t + rωt

Where RT (qt) is the transpose of the rotation matrix corresponding to the quaternion
qt .

rωt and ra
t are measurement noise with zero mean and covariance Ra Rω.

1external disturbances have been removed from the accelerometer measurement model

Indian Institute of Technology, Bombay July 4, 2024
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2.1.3 Attitude Estimator Description

The state of the system at time t is defined by orientation qt ∈ S3 (unit quaternion) and
angular velocity in body frame ω′t in rad/sec.

Our knowledge about the state at a time tn−1, having included measurement up to a
time tn−1 is described by a distribution expressed in the q̄n−1|n−1-centered chart. We assume
this distribution has a mean

x̄
q̄n−1|n−1

n−1|n−1 =

�

ē
q̄n−1|n−1

n−1|n−1 = 0

ω̄′n−1|n−1

�

and 6x6 covariance matrix P
q̄n−1|n−1

n−1|n−1

Prediction
We can predict the values of the random variables that describe the state through the

motion equation. Therefore the prediction step of the Kalman filter is as follows

ω̄′n|n−1 = ω̄
′
n−1|n−1

δωn =





cos(
||ω̄′n|n−1||∆tn

2 )
ω̄′n|n−1

||ω̄′n|n−1||
sin(

||ω̄′n|n−1||∆tn

2 )





q̄n|n−1 = q̄n−1|n−1 ∗δωn

Fn =

�

RT (δωn ) I∆tn

0 I

�

P
q̄n|n−1

n|n−1 = Fn[P
q̄n−1|n−1

n−1|n−1 +Qn]F
T
n

with

Qn =

�

Qω
(∆tn)3

3 −Qω
(∆tn)2

2

−Qω
(∆tn)2

2 Qω∆tn

�

Measurement Prediction

ān|n−1 = RT (qn|n−1)ar

ω̄n|n−1 = ω̄
′
n−1|n−1

z̄n|n−1 =

�

ān|n−1

ω̄n|n−1

�

Indian Institute of Technology, Bombay July 4, 2024
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Hn =

�

[ān|n−1]× 0
0 I

�

Sn|n−1 = HnP
q̄n|n−1

n|n−1HT
n +

�

Ra 0
0 Rω

�

where [v]× =





0 −v3 v2

v3 0 −v1

−v2 v1 0





Kalman Gain
Kn = P

q̄n|n−1

n|n−1HT
n S−1

n|n−1

Update
A measurement arrives at time tn

zn =

�

an

ωn

�

x̄
q̄n|n−1

n|n = x̄
q̄n|n−1

n|n−1 +Kn(zn − z̄n|n−1)

P
q̄n|n−1

n|n = (I6 −KnHn)P
q̄n|n−1

n|n−1

where x̄
q̄n|n−1

n|n−1 = (ē
q̄n|n−1

n|n−1 = 0, ω̄′n|n−1)
T .

Finally, we need to obtain the updated unit quaternion q̄n|n and compute the mean and
covariance in the q̄n|n-centered chart.

q̄n|n = ϕ−1
q̄n|n−1
(ē

q̄n|n−1

n|n )

= q̄n|n−1 ∗ϕ−1(ē
q̄n|n−1

n|n )
= q̄n|n−1 ∗ δ̄n

Knowing that the Kalman update could produce any point in the q̄n|n−1-centered chart
we will need to "saturate" to the closest point contained in the image of each chart. The
point ē

q̄n|n−1

n|n in the q̄n|n−1-centered chart is the origin in the q̄n|n-centered chart.
The reference [8] also explains the “covariance correction step” as the update of the

covariance matrix to the new chart. But we shall skip this since it has also been shown in
[8] that we will obtain essentially the same accuracy in our estimations with or without this
update step.

2.2 3D Orientation Estimator Description

The orientation estimated by the above-described estimator is prone to drift away from the
true orientation by a rotation in the yaw axis (or the azimuth rotation). This is because the
accelerometer is insensitive to rotations in the horizontal plane.

Indian Institute of Technology, Bombay July 4, 2024
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2.2.1 MEKF2

To tackle this issue we now introduce a second reference vector, the magnetometer

m t = RT (qt)m r + rm
t

at = RT (qt)ar + ra
t

ωt =ω
′
t + rωt

rωt , ra
t and rm

t are measurement noise with zero mean and covariance Rω, Ra and Rm.
The measurement at time tn is

zn =





mn

an

ωn





The state and the motion equations remain unchanged. Therefore the Prediction step
remains unchanged. The measurement prediction and update steps change as follows

Measurement Prediction

m̄n|n−1 = RT (qn|n−1)m r

ān|n−1 = RT (qn|n−1)ar

ω̄n|n−1 = ω̄
′
n−1|n−1

z̄n|n−1 =





m̄n|n−1

ān|n−1

ω̄n|n−1





Hn =





[m̄n|n−1]× 0
[ān|n−1]× 0

0 I





Sn|n−1 = HnP
q̄n|n−1

n|n−1HT
n +





Rm 0 0
0 Ra 0
0 0 Rω





Kalman Gain and update equations remain unchanged (the dimensions have changed)

Kn = P
q̄n|n−1

n|n−1HT
n S−1

n|n−1

x̄
q̄n|n−1

n|n = x̄
q̄n|n−1

n|n−1 +Kn(zn − z̄n|n−1)

P
q̄n|n−1

n|n = (I6 −KnHn)P
q̄n|n−1

n|n−1

Chart update and obtaining the updated quaternion steps also remain unchanged.

Indian Institute of Technology, Bombay July 4, 2024
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Figure 2.1: Side view of raw and calibrated magnetometer readings recorded for calibration

2.2.2 TRIAD aided MEKF2

The above implementation fixes the drift problem but introduces another issue of inconsis-
tencies between the two reference vectors. In practice, we find that the accelerometer is
relatively more consistent and measures gravity vector when not accelerating, but the mag-
netometer tends to give inconsistent readings at different orientations. This is also reflected
in the fact that magnetometers are harder to calibrate and are easily distorted by the effects
of soft and hard iron around the sensor. Figure 2.1 shows the measurements before and
after calibration.

Figure 2.2 & 2.3 shows the predicted vector measurements and the actual vector mea-
surements as a 3D needle in a ball in both body frame and inertial frame. The large residual
vector (the difference between the two vectors shown) indicates the inconsistency. Figure
2.2 & 2.3 also shows the poorly estimated orientation when the object has been approxi-
mately rotated by 90 degrees in the roll axis.

This issue of magnetometer disturbance affecting the inclination (roll and pitch) estima-
tion has been discussed in reference [13]. Reference [13] also discusses different methods of
decoupling attitude (roll and pitch) estimation from magnetic disturbance. Reference [14]
and [15] construct and use a new reference vector in their respective estimators. These
new reference vectors are essentially the second and third columns of the TRIAD estimated
while using the accelerometer for the first vector and magnetometer for the second vector.

TRIAD

c1 = an

c2 =
an×mn
|an×mn|

Indian Institute of Technology, Bombay July 4, 2024
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Figure 2.2: Cubes and 3D needle in sphere visualization of measured and predicted vectors; for the
three estimators being compared; At identity orientation

c3 = c1 × c2

R=
�

c1 c2 c3

�

This version of TRIAD is sub-optimal because it ignores one piece of information from
one of the unit vectors. But this works in our favor since this is exactly how we decouple
the attitude (roll and pitch) estimation from magnetic disturbance.

In the MEKF2 estimator described above we replace mn with

mn = c3

from the TRIAD. Alternatively, the second column of the TRIAD can also be used.

2.3 Experimental Setup and Observations

2.3.1 Hardware Description

Figure 2.4 shows the hardware used in the implementation. This sensor module allows both
I2C and SPI protocols to access the sensor registers.

2.3.2 Firmware Implementation Details

The code for the estimator can be found in https://github.com/arjun-sadananda/TeensyPilot.
git. The details of this firmware are explained in the next chapter. For this section, the main
two modules of this firmware that are relevant are the TP_Sense and TP_Estimator classes.
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Figure 2.3: Cubes and 3D needle in sphere visualization of measured and predicted vectors; for the
three estimators being compared; At 90 degree roll

Figure 2.4: Estimator Hardware Components

When it comes to reading sensors, we have both protocols (I2C and SPI) implemented
in this firmware. When all three x three sensors are being read the reading time for I2C is
about 6̃00 microseconds with 400kHz clock and is about 2̃5 microseconds with 8MHz clock
SPI read. Now coming to the hardware implementation of the estimator following are some
points to be noted:

• The ar and mr reference vectors are found during the calibration phase before the
start of the estimator. This is done by taking an average of 3000 readings for each
sensor.

• Qω Rω Ra Rm are diagonal matrices with all diagonal entries equal, therefore we shall
only declare these variables as scalars in the implementation. We set Qw = 10.0,
Rw = 0.001, Ra = 0.01, Rm = 0.01 unless stated otherwise.
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Figure 2.5: State Covariance - time plot for MEKF2

2.3.3 Observations

The experiment compares the following three cases,

• MEKF2

• MEKF2 with Rm= 5.0e− 2= 0.05

• TRIAD aided MEKF2

Figures 2.5 2.6 2.7 show the evolution of the components of the state covariance ma-
trices in the three cases. As expected the settling time for the second case with Rm>Ra is
significantly larger than the other two cases. We also observe that Kalman filter reaches
steady state in about .1 seconds.

Figure 2.2 and 2.3 show the estimator at two different orientations for all the three cases.
It is clear from the 3D needle in sphere visual that there is a large non zero residual when
the orientation is at 90 degree roll from identity orientation in the case of MEKF without
the use of TRIAD. It is also clear from the cube visualization that the estimated orientation
is far from the true orientation of about 90 degrees roll.

Challenges in Estimation during Flight

https://github.com/plusk01/adaptive-gyro-filtering

Indian Institute of Technology, Bombay July 4, 2024
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Figure 2.6: State Covariance - time plot for MEKF2 with larger measurement noise covariance for
magnetometer than accelerometer

Figure 2.7: State Covariance - time plot for TRIAD aided MEKF

Signal conditioning is an important part of a control strategy. In the context of multirotor
control, the on-board gyro provides angular rate measurements which are directly used to
drive the actual angular rate to the desired angular rate. In this setting, gyro noise is fed into
the actuators, creating visible attitude fluctuations (i.e., "wiggles") even when the vehicle
is meant to be hovering. Additionally, noisy gyro signals are directly related to hot motors
(which can lead to motor failure, but is also an indication of performance). The majority of
gyro noise comes from vibrations, caused by the spinning of the motors.

We shall discuss this further in the next chapter.

Indian Institute of Technology, Bombay July 4, 2024



“output” — 2024/7/4 — 7:26 — page 14 — #22

Chapter 3

Geometric Attitude tracking control on SE(3)

3.1 Definitions and Model

In this section, we introduce the reader to basic notation and terminology used in quadrotor
modeling and control. We also map the available physical inputs to the control variables
used in our algorithms.

Define:
m ∈ R the total mass
d ∈ R distance between motor and center of mass
J ∈ R3 the inertia matrix w.r.t body-fixed frame

x=
�

x1 x2 x3

�T
∈ R3

the position vector of the center of mass in the
inertial frame

R=
�

b1 b2 b3

�

∈ SO(3)
the rotation matrix from the body-fixed frame to
the inertial frame. bi is the transformed body
frame coordinates represented in the NED frame
coordinates {North-East-Down Frame}

v=
�

v1 v2 v3
�T
∈ R3

the velocity vector of the center of mass in the
inertial frame

Ω=
�

ω1,ω2,ω3
�T
∈ R3

the angular velocity in the body-fixed frame

The configuration of this quadrotor UAV is defined by the location of the center of mass
and the attitude with respect to the inertial frame. Therefore, the configuration manifold
is the special Euclidean group SE(3), which is the semidirect product of R3 and the special
orthogonal group SO(3) = {R ∈ R3x3|RT R = I ,detR = 1}. The mapping of Ω from R3 to
so(3) (the lie algebra of SO(3)) is defined by the hat map.

Ω̂=





0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0



 ∈ so(3)

14
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Figure 3.1: Quadcopter Model

The hat mapˆ: R3→ so(3) is defined by the condition that x̂ y = x × y for all x , y ∈ R.

Control Input Remapping (Kinematics)

We assume that the thrust of each propeller is directly controlled, and the direction of the
thrust of each propeller is normal to the quadrotor plane. The first and third propellers are
assumed to generate a thrust along the direction of -b3 when rotating clockwise; the second
and fourth propellers are assumed to generate a thrust along the same direction of -b3 when
rotating counterclockwise.
The mapping from individual motor thrusts fi to overall thrust f and moments M ∈ R3 is
given by









f
M1

M2

M3









=









1 1 1 1
0 −d 0 d
d 0 −d 0
−cτ f cτ f −cτ f cτ f

















f1

f2

f3

f4









This mapping is invertible when 8cτ f d2 ̸= 0 which is true since d and cτ f are not zero.
Therefore we use f and M ∈ R3 as the control inputs. A detailed explanation of the assump-
tions made and the conventions used to generate this mapping can be found in [1]. For the
× motor configuration used in this project (instead of the + motor configuration explained
above) the mapping changes to









f
M1

M2

M3









=









1 1 1 1
d ′ −d ′ −d ′ d ′

d ′ d ′ −d ′ −d ′

−cτ f cτ f −cτ f cτ f

















f1

f2

f3

f4








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where d ′ = dp
2
.

Equations of Motion

The equations of motion of the quadrotor UAV can be written as

ẋ = v (3.1)

mv̇ = mge3 − f Re3 (3.2)

Ṙ= RΩ̂ (3.3)

JΩ̇+Ω× JΩ= M (3.4)

3.2 Control Objectives

Attitude Tracking

The quadcopter is controlled by a pilot manually. The pilot provides roll, pitch, yaw angles
and thrust. The angles are then mapped to an attitude tracking command Rd(t) ∈ SO(3).
The control objective is to achieve

lim
t→∞

R(t) = Rd(t) (3.5)

Stabilization under harsh initialization

The quadcopter is manually thrown into the air and the controller is initialized mid-air. Thus
initializing the system with some

x(0) = x0 ∈ R3; R(0) = R0 ∈ SO(3)

v(0) = v0 ∈ R3; Ω(0) = Ω0 ∈ R3

The control objective is to achieve a stable hover:

lim
t→∞

x3(t) = x3d ∈ R (3.6)

lim
t→∞

v(t) = 0 ∈ R3 (3.7)

This control objective must be achieved using feedback from only the onboard sensors
available on the quadcopter. The onboard sensors comprise an Inertial Measurement Unit -
IMU (a 3-axis gyroscope, a 3-axis accelerometer, and a 3-axis magnetometer), a barometer,
a time-of-flight sensor, and an optical flow sensor.
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3.3 Controller Description

3.3.1 Stabilization under harsh initialization

The control strategy has two stages.
Stage 1: Stabilize Attitude and Altitude, where the objectives are:

lim
t→∞

R(t) = I ∈ SO(3) (3.8)

lim
t→∞

x3(t) = x3d ∈ R (3.9)

We shall see that these two objectives are decoupled and therefore can be developed and
tested independently.

The exponential stability of the "attitude-controlled flight mode" under some initial con-
ditions (almost global) has been shown in [1]. Therefore R(t) will converge to I . When
R(t) and Ω(t) are close to I and 0 respectively Stage 2 is enabled. The objective in Stage 2:
Stabilize Linear Velocity and Altitude, is exactly as defined in equations 3.6 & 3.7.

3.3.1.1 Stage 1: Stabilize Attitude and Altitude

To design the controller for the objective defined in 3.8, we first define errors associated with
the attitude dynamics of the quadrotor UAV. The Attitude Tracking Error and the Angular
Velocity Tracking Error for an arbitrary smooth attitude tracking command Rd(t) ∈ SO(3)
is defined in [1].

eR =
1
2
(RT

d R− RT Rd)
∨ (3.10)

eΩ = Ω− RT RdΩd (3.11)

where, Ω̂d = RT
d Ṙd . Setting the control command, Rd(t) to I , we get

eR =
1
2
(R− RT )∨

eΩ = Ω

The vee map ∨ : so(3)→ R3 is the inverse of the hat map. The nonlinear controller for this
stage is:

M = −kReR − kΩeΩ +Ω× JΩ (3.12)

where kR and kΩ are positive constants.
In this attitude-controlled mode, it is possible to ignore the translational motion of the

quadrotor UAV; consequently the reduced model for the attitude dynamics is given by equa-
tions 3.18, 3.19, using the controller expression 3.15. It has been shown in [1] that if the
initial conditions satisfy

ψ(R0)< 2
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||Ω0||<
2

λM(J)
kR(2−ψ(R0))

then (eR, eΩ) = (0,0) is an exponentially stable equilibrium of the reduced closed loop dy-
namics.

In addition, asymptotically tracking a quadrotor altitude (3.9) is achieved by the follow-
ing control law for the thrust magnitude:

f =
kz(x3 − x3d) + kv ẋ3 +mg

e3.Re3

where kz and kv are positive constants. Exponential stability of attitude-controlled flight
mode with altitude tracking has been shown in [1].

3.3.1.2 Stage 2: Stabilize Linear Velocity and Altitude

To design the controller for the objective defined in 3.6 and 3.7, we fuse the ideas of position-
controlled flight mode and velocity-controlled flight mode described in [1]. The position
tracking error and the velocity tracking error are defined as follows:

ex = (x3 − x3d)e3

ev = v

The nonlinear controller for this stage, described by control expressions for the thrust
magnitude and the moment vector, are:

f = (kx ex + kvev +mge3).Re3

M = −kReR − kΩeΩ +Ω× JΩ

where kx , kv, kR, kΩ are positive constants. Following the prior definition of the attitude
error and the angular velocity error 3.13, 3.14

eR =
1
2
(RT

c R− RT Rc)
∨

eΩ = Ω− RT RcΩc

and Rc(t) ∈ SO(3) and Ωc ∈ R3 are given by

Rc = [b1c
; b3c
× b1c

; b3c
], Ω̂c = RT

c Ṙc

where, b3c
∈ S2 is defined by

b3c
= −

−F
|| − F ||

where, F = kx ex + kvev + mge3 ∈ R3. b1c
is selected to be orthogonal to b3c

, thereby
guaranteeing Rc ∈ SO(3). We assume that || − F || ≠ 0. We set b1d

to e1, since the condition
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to switch to this (Stage 2) controller (from Stage 1) already ensures that b1 is "close to" e1.
Now b1c

is constructed by projecting b1d
onto plane normal to b3c

and normalising it:

b1c
= −

1
||b3c
× b1d
||
(b3c
× (b3c

× b1d
))

3.3.2 Attitude Tracking

This controller has already been defined above. For an arbitrary smooth attitude tracking
command Rd(t) ∈ SO(3)

eR =
1
2
(RT

d R− RT Rd)
∨ (3.13)

eΩ = Ω− RT RdΩd (3.14)

where, Ω̂d = RT
d Ṙd . The nonlinear controller is:

M = −kReR − kΩeΩ +Ω× JΩ (3.15)

The only new point to be noted is that the transmitter roll, pitch, yaw angle commands
need to be mapped to a Rd(t) ∈ SO(3) by one of the standard Euler to rotation matrix
mapping. Note that the sensitivity and limits for the manual pilot can also be adjusted in
this step.

3.4 Hardware Implementation Details and Observations

3.4.1 Hardware Setup

Table 3.1 lists all the components used in building the quadcopter. The figure shows the
assembled product. For building the circuit board, a perf board was used. For mounting
different parts on the drone, 3D printing, and acrylic sheets were used. Figure 3.2 shows
the wiring diagram for all the electronic components used on the drone. This is using the
LSM9DS1 in SPI mode. Figure 3.3 shows the fully assembled quadcopter. This is the second
version of the quadcopter that has major upgrades and additions over the first version like
switching from I2C to SPI and interfacing the ELRS Receiver.

3.4.2 Flight Controller Firmware Architecture

Figure 3.4 is a simplified flow chart of the Firmware Architecture. There is no parallelism
of any sort implemented either through RTOS or through threading. All the tasks are per-
formed in series as shown in the flowchart. This loop runs at 9174Hz when SPI is used for
reading the sensor measurements and no displaying or SD card logging is done.

The latest version of this firmware can be found at https://github.com/arjun-sadananda/
TeensyPilot.git
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FRAME: MICROCONTROLLER: MOTOR:
GEPRC CL35 Cinelog 35 V2 Teensy 4.1 Development Board SPEEDX2 2105.5-2650KV(6S)

PROPELLERS: HQProp D-T90MM ESC: SpeedyBee 50A 30×30 4-in-1
BUCK CONVERTER: 7–26V to 5V 3A
BEC

MAG,ACC,GYRO SENSOR: LSM9DS1 ELRS TRANSMITTER AND RECEIVER DISPLAY 2.4-inch 240×320 TFT

Table 3.1: Hardware Components
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Figure 3.2: Electronic Wiring Diagram

3.4.3 Observations - Challenges and Solutions in Practice

The firmware developed that implements the estimator and controller described achieves
the desired result of stable flight in Attitude Tracking Mode. The pilot can command a
thrust and a desired orientation (Rd(t)) and the controller successfully tracks the desired
orientation. The stabilisation under harsh initial conditions still needs tuning and testing to
achieve the desired result, this is left as future scope.

There are some important observations made during the development and we shall go
over them in this section.

Disturbances - Integral/ Manual Compensation

In practice, we find multiple sources of fixed disturbances that the above controller doesn’t
consider. These disturbances cause the quadcopter to stabilize at an attitude different from
the commanded attitude.

Therefore the equations of motion should involve the fixed uncertainties in the transla-
tional dynamics and the rotational dynamics denoted by ∆x and ∆R ∈ R3, respectively in
the following equations of motion

ẋ = v (3.16)

mv̇ = mge3 − f Re3 +∆x (3.17)
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Figure 3.3: Fully Assembled Quadcopter

Ṙ= RΩ̂ (3.18)

JΩ̇+Ω× JΩ= M +∆R (3.19)

Figure 3.5 demonstrates the effect of disturbance on the controller performance. This
plot is logged from a flight after some manual compensation is included to compensate for
the difference in the thrust produced by the motors. The desired orientation commanded is
identity (1,0,0,0) quaternion, but the quadcopter stabilizes at an orientation different from
identity despite already including some compensation for each motor.

The two methods used to tackle this issue by manually tuning a scaling or offset param-
eter for each motor to compensate for the difference in thrust produced by each motor. A
cleaner solution to this problem is to add an integrator that integrates the eR, which does
tackle the issue when thrust is close to hover, but causes new issues while manually piloting.
If the controller is turned on while still not in flight, we face problems related to integral
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Figure 3.4: Firmware: Flowchart

wind-up.
Therefore for the manually piloted attitude tracking problem, more care must be taken

while introducing the intregator. The final solution to this problem is yet to be found and
is left for future scope. At present, only manual compensation is being used in the released
firmware.

Loop Rate vs Control Rate - OneShot42

There are multiple options for the protocol used to send motor rate commands to the ESC.
The first flight controller use the standard PWM, where the motor throttle percentage is
encoded as pulse width of 1000 microseconds (for 0% throttle) to 2000 microseconds (or
100% throttle). This means the fastest rate at which the ESC can receive commands is at

Indian Institute of Technology, Bombay July 4, 2024



“output” — 2024/7/4 — 7:26 — page 24 — #32

24 CHAPTER 3. GEOMETRIC ATTITUDE TRACKING CONTROL ON SE(3)

Figure 3.5: Effect of Disturbance: estimated quaternion, desired quaternion vs time

490Hz (by default it runs at 50Hz). Therefore even if our flight controller loop is 9kHz,
the ESC will only receive commands at 490Hz. To tackle this there are many new protocols
that the ESC understands. Oneshot125, Oneshot42 and Multishot are three such protocols
that are analog and store the speed in pulse width, but the time period varies from 25us to
250us. Since our controller runs at 9kHz the protocol chosen is OneShot42 which can have
a theoretical max rate of 12kHz.

In our implementation the we simply generate the PWM signals at a fixed rate of 10kHz,
but the proper way to implement OneShot42 is to sync it with the rate at which the motor
commands are generated. This is left as a future scope. An alternate upgrade to DShot600,
which is a digital protocol is also left as a future scope.

Gyro (RPM) Noise - Adaptive Notch Filter

Upgrading the ESC protocol from Standard PWM to OneShot42 at 12kHz revealed an un-
derlying issue that went unnoticed while using the slower standard PWM at 50Hz. The
motor rpm induces noise into the gyro measurements which then propagates to the con-
troller output. This causes the jittering of the motors.

Figure 3.6 and 3.7 show the omega estimated and the control command sent to the
motors. The standard approaches to tackle this issue are filtering the gyro measurements.
There are two major filters that are usually implemented. First is the RPM filter, which
takes the rpm measurements from the ESC and applies a filter to counter the possible noise
entering the gyro due to the motor rpm. The second filter is an adaptive notch filter that
does a FFT dynamically and applies a notch filter at the noise frequency identified from the
FFT. This is yet to be implemented and is left as a future scope.
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Figure 3.6: Effect of motor rpm on gyro measurement: ω vs time

Figure 3.7: Effect of ω estimate on control: M vs time
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Chapter 4

Conclusion and Future work

We have successfully developed a flight controller from scratch that implements Geometric
Attitude Tracking Flight mode on hardware. We also implemented a robust Manifold EKF
estimator that decouples magnetometer disturbances from Attitude (roll, pitch) estimation.
The robustness of this estimator was tested by using these attitude estimates for Attitude
Tracking and was found to be robust against the (inertial and magnetic) noises and distur-
bances caused by the quadcopter. We also did a few test runs with initializing the quadcopter
with soft and harsh initialization.

The flights revealed some very interesting ch allenges that need to be tackled before
moving to the next phase of implementing Stage 2 of Stabilisation under harsh initialization.
The immediate challenges that need to be tackled before moving to the next phase of this
project are: - the disturbances in dynamics. - implementing adaptive notch filter or RPM
filter for gyro noise induced by motor rpm.

After this is done, the next step would be to run the controller under harsh initialization,
collect logs, and tune the controller till we achieve reliable attitude stabilization. Finally, we
can move on to the next phase of introducing a 1D LIDAR, altitude estimators, and optical
flow sensors to implement Stage 2 of Stabilization under harsh initialisation. This will make
the quadcopter completely autonomous.

At this stage, we would reach a point where a comparative study can be made between
the Throw mode of ArduCopter against this geometric controller.
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